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Abstract

In this paper, we introduce a new bivariate odd generalized exponential
modified Weibull (BOGEMW) distribution. This model includes some
other well-known models such as the Weibull, generalized Weibull,
exponential Weibull, Odd Generalized Exponential, and Modified Weibull
distribution. The model introduced here is of Marshall and Olkin (1967)
type. The marginals of the new bivariate distribution have odd generalized
exponential modified Weibull distribution which proposed by Abdelall
(2016). The joint probability density function and the joint cumulative
distribution function are given in closed forms. Several properties of the
new distribution are studied. The method of maximum likelihood is used
for estimating the model parameters and the observed Fisher's information
matrix is derived. We also conduct Monte Carlo simulation experiments
to assess the finite sample properties of the proposed estimation methods.
We prove empirically the importance and flexibility of the new model in
modeling various types of data.

Keywords: Bivariate distribution, Maximum likelihood estimation,
Modified Weibull distribution, Odd Generalized Exponential,
Simulation.

1. Introduction

Modified Weibull distribution considered as another useful 3-
parameter generalization of the Weibull distribution introduced by Lai
et al. (2003). This distribution is capable of modeling a bathtub-shaped
hazard-rate function and many real-life data that exhibit this property.
Some well-known distributions such as the exponential, Rayleigh,
linear failure rate and Weibull distributions are special cases of it. Tahir
et al. (2015) proposed the odd generalized exponential (OGE) family.
This method is flexible because the hazard rate shapes could be
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increasing, decreasing, bathtub and upside-down bathtub. Abdelall
(2016) used this method to introduce five- parameters referred to as odd
generalized exponential modified Weibull (OGEMW) distribution. The
log-normal modified Weibull distribution and its reliability
implications are introduced by Shakhatreh et al. (2019). However, there
are other five-parameter generalizations to the modified Weibull some
generalizations to the modified Weibull distribution and different
methods of estimation are proposed by Shakhatreh et al. (2020).

In this paper we present a new distribution from the odd generalized
exponential distribution and modified Weibull distribution called
bivariate odd generalized exponential modified Weibull (BOGEMW)
distribution, whose marginals are odd generalized exponential modified
Weibull (OGEMW) distributions. It is obtained by using a method
similar to that used to obtain Marshall-Olkin type. Several bivariate
distributions are derived by using this method, Al-Khedhairi and El-
Gohary (2008) presented a new class of bivariate Gompertz distribution
of Marshall and Olkin type based on Gompertz and exponential
distributions. Several properties of this are obtained and they found that
the marginals distributions are not in known forms, Marshall and Olkin
bivariate exponential distribution proposed by Sarhan and Balakrishnan
(2007), the bivariate generalized exponential distribution proposed by
Kundu and Gupta(2009), Marshall-Olkin bivariate Weibull distribution
studied in Kundu and Gupta (2013), El-Sherpieny et al. (2013)
proposed bivariate generalized Gompertz distribution whose marginals
are generalized Gompertz distributions. A new bivariate exponentiated
modified Weibull extension distribution introduced in El-Gohary et al.
(2016). Mustafa and Mahmoud (2017) introduced a bivariate
exponentiated modified Weibull distribution, whose marginals are
exponentiated modified Weibull distribution and several properties of
this distribution have been discussed. Babu and Jayakumar (2018)
introduced bivariate modified Weibull distribution with modified
Weibull distribution as marginals and discussed several properties. El-
Morshedy et al. (2020) introduced a new five parameters bivariate
discrete distribution, in the so-called the bivariate exponentiated
discrete Weibull distribution and they found that the marginals are
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positive quadrant dependent. Eliwaa and El-Morshedy (2020) proposed
a new generalized class for bivariate distributions, called bivariate odd
Weibull-G family. Its marginal distributions are odd Weibull-G
families. The family parameters have been estimated by using
maximum likelihood and Bayesian methods. It is found that the
Bayesian approach yields better estimates in terms of the MSE.

The rest of the paper is organized as follows. In Section 2, we describe
the proposed model and discuss some different properties such as the joint
cumulative distribution function, the joint probability density function, the
marginal probability density functions and the conditional probability
density functions of BOGEMW distribution. In Section 3 we introduced
joint moment generating function of proposed bivariate distribution.
Section 4 obtains some reliability measures. In Section 5 the maximum
likelihood is used for estimating the parameters based on complete data.
In Section 6 simulation study was carried out to assess the performance of
the parameters. Finally, a numerical result is obtained using real data.

2. Bivariate Odd Generalized Exponential Modified
Weibull Distribution

In this section, we introduce the BOGEMW distribution. We start with
the joint cumulative function of the proposed bivariate distribution and it
will be used it to derive the corresponding joint probability density
function. Let Y be a random variable has univariate odd generalized
exponential modified Weibull (OGEMW) distribution with parameters
(Qz = (4,0,y, A)) and a, then the corresponding cumulative distribution
function (CDF) is given by

a
9y+yy _1)]

Fy y;Q, @2 [1— , vy>0,a,6,4,6,y >0, (1)

and the probability density function (PDF) of OGEMW (G)Z) can be
obtained as follows

fr (y; a, &) = aA( + ByyP~L)etr 1y’ g Moy +yyF-1)
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x [1 - e—ﬂ(9y+vyﬁ—1)]a_1 (2)

Assume U; ~ OGEMW (a;,B,6,vy,1); i = 1,2,3 are three independent
random variables. Define Y; = max{U,, U3} and Y, = max{U,, U3}, then
we say that the bivariate vector (Y,Y,) has a bivariate odd generalized
exponential modified Weibull, with parameters (ou,02,0s,3,0,y,A). The
corresponding joint cumulative distribution function (CDF) of the
bivariate random vector can be expressed as follows

B ay P a,
Fy,y, V1, ¥2) = [1 — e_’l(eeyﬁyyl _1)] [1 — e"l(eeyﬂ’yz —1)]

o [1 B e_l(eezﬂ/zﬁ_l)]a?” 3)

where z = min{y;, y,}. The corresponding joint probability density
function (PDF) can be expressed as follows

fi(,y2) if y1<y
]CYLY2 1y2) =3 201y2) if y2<y 4)
foy) if yi=y2=y

where
i, y2) = focemw (Y1i a; + a?u&) focemw (3’2i a; + as:%) (%)

— 0y1+yy ﬁ_
= /1((11 + 0(3)(9 + B‘yylﬁ—l)egy1+yylﬁe l(e 1 1 1)

B a1taz—1
|1 e _1>] Ay (8 + Byy,P~1)etvatryy!
/1( 0y2+vy2F 1 ¥ 0y2+yy2P 1 %2t
x e "¢ —)[1_9—(e _)]
f2(r1,¥2) = focemw (3’1F “1»&) focemw (yz; a; + as:&) (6)
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a1—1

X

=Aa, (9 + ﬁyylﬁ—l)eé)ylﬂxylﬁe—A<e93’1+1’y1ﬁ_1) [1 _ e_/l(eey1+w1ﬁ_1)

AMa, + a3)(0 + ﬁyyzﬁ—l)eey2+yy2ﬁe—z(ef’yz+yyzﬁ_1) y
[1 _ e—)L(eeyzwyzB_1)]0‘2+0ﬂ3—1'
and
foyy) = ﬁfOGEMW (y; a, + a, + QS,%) ™

= )la3 (9 + ﬂyyﬁ_l)89y+yyﬁe—l(eGY+Yyﬁ_1) [1

a14Qp +6{3—
9y+yyﬁ
e A(e - )]

Proof: The expressions f;(y;,y,), i=1,2 can be obtained by differentiating
equation (3) with respect to y;, i=1,2. But we can use the following fact to

get fo(y)
) ®© rY1
fffl(y1'y2)dy1dy2+f f fZ(y1'y2)dy2dy1
o Jo o e oy 0 0
+JJ foy)dy = 1. (8)
o Jo Jo
Let
© Y, © ry1
1=j j fl(yl'yz)dy1dy2 and II:J f fZ(yl'yz)dyzdyr
o Jo o Jo
Then,

I= fooo {1“2(9 + ﬁ)/yzﬁ_l)eehﬂyzﬁe-l(e"ylﬂ’ylﬁq)
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VT arjyaztaz—1
[1 _ e 1>] dy,, ©)
— az
T apaptas’
similarly,
n={ " dy,dy, = — 2 10
—_[0 _[0 f,0.y2) dy, yl_a1+a2+a3 (10)
and
* a %)
(y,y)dy =1 — —
-[0 fondy a4z +az  aa; +as
B a4y + a3'
Note that

ajy+axtaz—1

J;)oofo(y' y)dy = az fow [[FOGEMW (3’; &)] focEmw (}’i %)] dy

(eﬂyﬂ'yﬁ_l)

fo,y) = azA(6 + pyyP1)etrrrFe™? 9

[1 - e_l(egywyﬁ_l)]

a1+a2+a3—1

—_a( by +ryP _
B L{(Gipraz +az)A(6 + pyyP e e A=) o

aj4aztas
+az—1
[1 . e_l(egy+yy.8_1):|al+a2 as }.
Thus
a
fory) = mfocmw (y; a+ az + cg,%).
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Figure (1) shows some plots of the PDF of BOGEMW model for some
parameter values a4, a,, as, 5,0,y and A to demonstrate its flexibility.

015

@OB=1y=01,a, =02, ay (i)B=1y=03,a; =0.1, ,
=02,a; =02, =0.1, a3 = 0.1,
1=02,60=03 1=03,06=0.1

(iii) =02,y =0.2, a4 (iv)B=1,y=01, a; =0.1, a,
=0.3, a, =1,a; =1,
=0.3,a3 =0.3,1 A=0.3,0=0.1
=0.2,0 =05

Figure(1): Joint PDF of BOGEMW (a4, a3, a3, 3,6,v, 1)

The marginal probability density functions of Y, and Y, > 0 are
univariate odd generalized exponential modified weibull distribution are
given by

_afef B_
fv,(r1) = (e + a3)(9 + ﬁyylﬁ_l)egyﬁwlﬁe A(e Gl 1)

a;taz—1

X [1 - e_l(€9y1+yy1/3_1)]

(1)
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= fOGEMW(yl; a + a3,0,1,v,B),
and

_a(.0 B_
Fr, (72) = A(@s + a3) (0 + Byy, P 1) ezl =222 1)

(x2+(x3—1

N [1 B e_l(eeyzwyzﬁ_l)] (12)

= fOGEMW(yZ; a, + a3 6,4, V'ﬁ)'

Proof. First, we will derive f(y;) from the fact that
fyv,(v1) = f f(yl;yz) dy,,for y1,y, >0
0

= q)(y1) + l}1(3’1) + fo0).
Where

CD(yl) = foyl fz(leyZ) dyz and lp(yl) = fyojfl()’l'YZ) dy2

By using the expressions of f; (y4,¥,) and f,(y;,y2) in (5) and (6). We
show that

CD(yl) = fo fz(YLYZ) dyz
Y1
= focemw V1 a1,0, 4,7, B) focemw V2
0

+ a3,0,4,y,p) dy,
= fOGEMW(yl; aq,0, /L%ﬁ) foyl focemw (V2; az + a3,6,4,y,B) ay, .
Hence

B
o(y;) = a1 4(0 + ﬁ)/hﬁ_l)e_l(eayﬁm _1)e9y1+yylﬁ v

-4Yo -



Scientific Journal for Financial and Commercial Studies and Research 4(1)1 January 2023

Dr. Merfat Ramadan, Asmaa Abdeltfatah and Dr. Dina Eltelbany

1—e

V1 _af efv2+ryaf
(ay + az)A(6 + Byy,P " )e l(e B l)egyzﬂ’yzﬁ

0

x [1 _ e_l(eGJ/zH/J’zﬁ_l)]al_l

B
= a; (6 + ﬂ)/)ﬁﬁ_l)e_l(eeyﬁm _1)693’1“’3’15 X

[1 _ e_l(eey1+vy1ﬁ_1)]

a;ta; +a'3—1

Similarly
lp(yl) = fyo:fl(J’LYZ) dyz
= foyl focemw 1 a1 + a3,6, 4,7, B) focemw V2; @2,6,4,v,B) dy, .

It is equal to

_1(30y1+yy1/3_1)

P(y,) = Aoy +as)(6 + B)’}ﬁﬁ_l)eeyl*'}’hﬁe X

[1 _ e_l(eay1+yy1ﬁ_1)] % {1 _ [1 N e—/l(e"y1+yy13_1)]a2}

ataz—1

and
= — B
fo(}/) /1(13 (9 + ’Byyﬁ 1)89y+yy3 1(39y+yy _1)

ataztaz—1
ey +ryP _
% [1 —e A(e 1)]

Then, the marginal pdf with BOGEMW

-4y -
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fr,v1) =) + ¥ + foy)
After some calculations, we have been found that the marginal fy (y;)

- B —a(e®y1+vyiP_q
fr, (1) = A(a; + a3)(9 + ﬁyylﬁ 1)39311+yy1 e (e )

a;+az—1

R

= focemw(V1; a1 + a3,0,4,v,B)

Note that:

The marginal pdf of y; and y, can be derived in another way. For this, we
first derive the marginal distribution function of y,; as follows:

FO) =p(Y1>y,)
= P(min(Ul' Us > 3’1))

=pU; >y1)pUs; >y,)

_ [1 _ e-l(eGY1+YY1B_1):|a1 [1 _ e_l(eeylwylﬂ_l)]%

aitas

= [1 - e_l(eeylwylﬁ_l)]

The marginal pdf of y,is given as follows

0F (y1)
0y,

le ) =

—_afef B_
fr,(r1) = A(a; + 053)(9 + ﬁyylﬁ_l)GHY1+yy1Be A(e Gl 1)
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) ai+az—1
- Oy1+yy1F _
x [1 A(e 1)]

Similarly

_ B —A(e®V2+ry2P_q
sz (J’z) = /1((12 + (X3)(9 + ﬂyyzﬁ 1)393/2+VY2 e (e )

a1+a3—1
_ae®v2+vy2P _
% [1 e )L(e 1)]

Thus, the conditional probability density functions of bivariate
distributions are obtained from the joint and marginal distributions
fay, (y1,¥2) and  fy,(y,) respectively. Thus, the conditional probability

density functions of ¥; for fixed values of Y is

_ fOny2) .
fY1|Y2 nly2) = —f(yz) ) if f(y2)>0

fyl(yllyz) if V1 <Y,
me,2 1ly2) = fY1,y2 ly2)  if yi>y
Pay,01ly2) if y1 =2

where

fy(lllz,z ly2) =

aj+az—1

_a(eBy2+yy2P_ _a(e8Y2+yy2P_
A(a2+a3)(0+ﬁyy2ﬁ—1)egy2+yy2Be A(e 2 2 1) [1—3 A(e 2 2 1)]

(az+a )[1 e_l(egylwylﬁ_l)]as
2taz)|1-

_fef B _
f(z) 1ly2) = /1061(9 + Byylﬁ_l)e ’1(6 Y 1)393’1+YY1B

Yiy,
a1—1

2

X [1 - e‘l(eeyﬁyylﬁ‘l)]
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and

451
(3) __ 9% [1 _ —A(eGY1+y3’1B—1)]
fY1|Y2 (yllyZ) (a2+a3) e

3. Moment generating function

In this section, we present the joint moment generating function of (Y, Y>),
the marginal moment generating function of Y; and we will use the
moment marginal generating function of ¥; to derive the expectation of ¥;.

3.1 The marginal moment generating function
We drive the marginal moment generating function of ¥;:

Lemma 1. If y;~ OGEMW (al + a,, @2) ,then the moment generating
function of y; is given by
M, (t) = 2(a; +

w0 oo DFHGHDE a1+a3—1) Gen [ 1
a3) N0 Xito—— ( i e [(t_Hk)] (13)

Proof. Using fy1(y;) in (8) with (6 = f =y = A = 1) and substituting in
the following equation

[ee]

My, (©) = B = [ e, () dyy
0

We get
@ +az-1
My, (0 = 20 | emre?elet 01— ol -] gy,
0
+az-1
The binomial series expansion of [1 — e(‘ezyl‘l)]a1 “ s given by

[1 _ e(ez.’>’1_1)]a1+a3—1 _ Z;ozo (a1+;zg—1) (_1)_]'8_]'(323’1_1).

-4v4 -
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Then
M, (t) =

2(cy + a3) N (U (—1)7 [ e e e D ay,. (14)
o (o tas — 1 oo
= 2@ +ap) ) (¢ h ) (~1)7eU D
j=0

co
—ty1 .2y ,—e2Y1(j+1
j e yle ye G+1 d}’1
0
.. . . 2y i . .
In addition, Taylor series expansion of e®””*U*1) is given by

ez)’1(j+1) _ (_1)k(i + 1)k62y1k
e = il .
k=0

Therefore, we can write (14) as follows:

OO (DG + DEek a1 .
My(©) = 200+ a) Y. Y T D (T gy

j=0 k=0

X foooe‘tylezye‘(ezh‘l) dy;.
® (_1)k+j(]- + 1)k (061+C.¥3—1) eU+D

=2 Z J
(@1 + a3) Z k! (t— 2 — 2k)

Note that: The moment generating function M,, (t) can be used, instead of
the marginal pdf f (), to derive the marginal expectation of ¥; as:

d
E(y)) = — =My, (®)le=o0

_%My1(t) 2+ a3)§: i (—1)k+li?- + 1k (a1 + @~ 1) pU+D) [ﬁ]

=0 k=0 J

att =0, we get

-9¢. -
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Eyl) = 2(a, + a3)§: (= 1)k+11j] + 1) <a1 + 313 ) G+1) [m]

j=0 k=0
Similarly, the second moment of ¥; can be derived from M, (t) as its
second derivative at t=0 and r-th moment of Y; can be obtained by
differentiating M,, (t) r times with respect to t and putting t = 0

EGD) = =My, (D]eco

) ) Y e e I ] e

j=0 k=0

3.2 The joint moment generating function:

If (Y;,Y,) having BOGEMW (a3, ay, a3, 8, 0,7, A) distributions, then the
joint moment generating function of (V;,Y,) is given by:

o 00 0o

O (4) (@ + @z)ay (— )M kG )™
M(tl‘tZ)_zzz k!m! (t; — 2 — 2k)(t, — 2 — 2m) %

j=0k=0i=0m=

(al + ag - 1) (az - 1) e(j+i+2)
i

_i i i i ()@ +a)ay(~DMIHG + DG+ D™
_ L Lo kim! (8 — 2= 2K) (b + t; — 4 — 2m — 2k)
a1+a3_1 az—l (+i+2)
( ’ )( )e tit2

OO O (D)@ + @) ap (D (4 DR+ DT
_Z;ZZ (t, — 2 —2m)(t, — 2 — 2k)k!m! %

(0‘2 + 0.‘3 - 1) (051 - 1) QU++2)

j
OO O (D (@ + as) (DR (4 DR+ )™
_ZZZZ (6, + 0, —4— 2k —2m)(t, — 2 — 2k)klml

-9¢y -



Scientific Journal for Financial and Commercial Studies and Research 4(1)1 January 2023

Dr. Merfat Ramadan, Asmaa Abdeltfatah and Dr. Dina Eltelbany

(“2 + ;13 - 1) (“1 l_ 1) pU+i+2)

2 2 k+j(i k
_I_Z Z (051 +a;+az— 1) 2)az; (D) (G +1) eU+D)
j (t; +t, — 2 = 2k)k!

j=0 k=0

4. Reliability Analysis

In this section we introduced some reliability measures such as the joint
reliability function, joint hazard rate, joint mean waiting time, joint
reversed (hazard) function and its marginal function.

4.1 Joint reliability function

Assume that (V;,Y,) are two dimensional random variables with CDF
Fy, y,(1,¥2), and the marginal function are Fy, (y;) and Fy,(y) then, the
joint reliability function Ry, y, (1, y2) is

(15)Ry, v, y1,¥2) =1—Fy,(y1) — Fy,(y2) + Fy, v, 1, ¥2).
Assume the random vector (Y3, Y,) has the BOGEMW then, the joint
reliability function of (¥;,Y;) is given by

Ri(y1,y2) if 0<y; <y,
(16) Ryl,yz()ﬁ.yZ) ={R,(y1,¥2) if 0<y, <y,
R3;(y1,y2) if Yi=Y2,

where
Ry, v, ¥1,y2) =1—FE, (y1) — E,(2) + E, 5,1, ¥2)-
It is equal to

Ri(yy1,y2) =

_A(eGJ/1+VY‘1B_1>
1-|1-e

aitas ar+as

_A<99yz+yyf_1)
—|1l—e

A
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atasz ar

+

_/1<59y1+vyf_1> _/1<69yz+vy§_1>
1—e 1—e

In addition,

R,(y1,y2) =1—E, (y1) — E,(2) + ,(y1,¥2),

It is equal to

R,(y1,¥2) =
_A<86y1+yyf_1> aitasz _A<eey2+yyg_1> az+asz
1—-|1-—e¢ —|1—e
_,1<69y1+)/y'f_1> “ —/1<99Y2+W§—1> et
+]1—e 1—e
Furthermore

Rs(y1,¥2) =1-F, (y1) — E,(y2) + Fo ().
It has been found that

R3(y1’ yZ) =1- [1 _ e—ﬂ,(eey-}-yyB_l)]a’l‘l'a’Z _ [1 _ e—ﬂ(€9y+yy3_1):|a1+a2

aitax+as

b 1 et r-n)]

4.2 The joint hazard rate function and its marginal functions

Assum (Y1,Y2) are two dimensional random variable with PDF fy, v, ¢y, 3,9,
and reliability function Ry, y,(¥1,Y2). Basu (1971) defined the bivariate
hazard rate function as:

fY1.}’2 (Y1'Y2) 17
Ry1y, (Y1,Y2) ( )

h(y1,y2) =

Moreover, the bivariate hazard rate function for the random vector (Y3, Y;)
which has the BOGEMW is
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hi(y1,y2) if 0<y; <y,
h(y1,y2) = {ha(Vy2) if 0<y, <y (18)
hs(v,y) if  yi=y

Where

fi(r1,y2)

hi(y1,y2) = R (71, 77)

Therefore, we have

1+yyf -1)

0y
ha(y1,¥2) = Ay + a3)(0 + ﬁyhﬁ_l)eeyﬁyyfe_’l(e

Oy B
_ B _ 24+yy5 _ a;—1
ay+as_q X/laz(e +ﬁyy2ﬁ 1)eey1+yy2 e e ’ 1)[Qyz] '

[Q)ﬁ] ata ata ata a
1= {077 = 0] + [0 ] 7 ]
f2(y1,¥2)
h , ==
20.72) Ry(y1,¥2)
% iyyB ay+as_
= a, (0 + Byy,F~1)e e 1+Vy1—1)eey1+yyf[Qy1] EY
(az+a3)/1(9+ﬁyy23—1)eeyz+yy§e—/1(e9y2+1’§—1 )[Qyz]az+a3—1
1_[Qy1]“1+“3_ [ yz]a1+a3+ [le]al[Qyz]a1+a3 5
and
fo)
ha(y,y) = ———
s(v,y) R:(,7)
azA(0 + BVYB_l)eByW}/Be—l(eeywyf”—l)[Qy]a1+a2+a3—1
= 1— [Qy]a’1+0-’3 _ [Qy]a2+a3 N [Qy]a1+a2+a3

Moreover, the marginal hazard rate functions h(y,) of the BOGEMW can

be obtained from the marginal probability density functions of y; and the
marginal reliability of y;
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- B _/1<99y1+yy1_1> a;+az—1
AMay + as)(6 + Byy,F1)efr1+ie [Q),]

hy, 1) = .
1 1- [Qlﬁ]al “
Similarly
B
Al ePy2+yyy -1 ~
Aay + a3)(6 + ﬁyyzﬂ—l)eey2+yy§e (e )[Qyz]az+a3 1
hYZ (:VZ) - aztasz
1- [QYZ]
Where

] ,
Qi:[l_e ( ’ L=Y,Y,

o0+ yiB—l)]

4.3. The joint mean waiting time and its marginal functions

The waiting time is closely related to another important random
variable reversed hazard rate function. Indeed as a condition of a failure in
(0, t) is already imposed while defining the reversed hazard function, it is
of interest in different applications (actuarial science, reliability analysis)
to describe the time, which had elapsed since the failure. The most
important applications of the waiting time are to describe different
maintenance strategies to any system. The observations of waiting times
can be used for predicting the distribution function. The joint mean waiting
time function My(t1, t2) is defined as follows.

tl t2
MW (tll tZ) = fo fo F(ylr yz)dyZdyl (19)

F(tlﬁ tZ)
The following lemma obtains the joint mean waiting time of (yl, yz)

Lemma 2. The joint mean waiting time M,, (t;,t,) to the random
variables ¥; and Y, is
M, (t;,t3) if t; <ty
MW (tll tz) = MWZ (t1; tZ) lf tl > tZ (20)
M, (t,t) ifty=t,=t.
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Where

Mwl (tlr tZ)

o o0 J o .
a +a (Am)? oG- k)24
F(t tz) Z Z Z Z 2m 3) (1 dD2(0( — k))2Bd+D x

Bd
e®U-ita l(@(j —e)rt+ Y ' (P oG - k)tl)ﬁd-f] x

Bd
efU-tz l(eo —0e)ft+ > 1t (P oG - k)tz)ﬁd-f]

© o J o .
(m)2 (y(j — k)**
F(tl,tz) Z Z Z Z (rrf)(azr:as)(/zdlgz(e(/y— k))2Ba+D x

m=

M, (t1,t2) =

=}
-
Il
=}
=
II

Bd
e®U-1t l(e(j —eyrt+ ) -t (P oG - k)tl)ﬁd-i] x

i=1

Bd
Utz [(90‘ —eyt Y ' (P o6 - k)tz)ﬁd-i]

1 oo (— 1) (A (5 G — K))°
T F(t,t) ZZZZG{)(QHTEJF%) = (yﬁd+1 )

0 k=0 d=0 jld(6G —k))
d
x 8=t [(9(/ —0ft + ) ' 1 (P0G - o)

4.4 The joint reversed hazard rate function and its marginal
functions

Assume (Y3, Y;) are two dimensional random variable with CDF F, .. (v1,2)
and pdf fy, v, (¥1,¥2) . Then joint reversed hazard rate function is
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_ fy1y2 (y1,2)
r (yl’ yZ) - Fyl,yz(Y1;3/2) ' (21)

Thus, the bivariate reversed hazard rate function for the random vector (y4, y2)
which has the BOGEMW is
n(uy2) if  0<y; <y,
Ty, VL Y2) =4 (L y2) if  0<y, <y

s(y,y) if yvi=y.=y .
(22)

When

i1, y2)

rOny2) = Fi(y1,¥2)

then, we have

B-1Y oy, +yyF1 —/1<egy1+”f—1>
(v, y2) = Alay + a3) (9 + Byy; )e y1+yyr e %

B
_ B _A<eﬁy2+yy2 _1>
Aa, (9 + Byyy 1) e9v217y: ¢

[1 _,1<69y1+yyf_1>] [1 _A<69yz+vy§_1>‘ '
—e —e

while

f2(r1,¥2)

(Y1, ¥2) = F,(y1,72)

therefore, it is equal to

—A(e 6y1 +73/f - 1)

- B
,(y1,¥2) = a;4 (9 + ,Byyf 1) efy1tyvyi o x

B
a _A<69yz+yy2 _1>
May + as) (9 + ﬁyyZB 1) e9y2+”’f e

[1 _A<eﬂy1+yyf_1>] !1 _A<ng’2+1’y§_1>]
—e —e

Also,
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_ fo)

r3 (v, ) _F()Ty)’

hence

(0 + ryit)etrir P e )

r3(y,y) = [1 ~ e_/l(egywyﬁ_l)]
In addition, the marginal reversed hazard rate function 7y, (y;) and ry, (y,)
to the BOGEMW are
fi V1 (1)
1y, (1) = :
SRG I NCY

It is equal to

B
_ B —/1<e93’1+’1y1—1>
Alay + ag)(@ + ﬁ)/yﬁl 1) 0yt e

rY1 (yl) = _/1<et9y1+yyf_1>
1—e
B
_ B- _A( 93’2+Ay2 _1)
AMa; + ag)(H +Byyy 1) PO VIR
Ty, (r2) =

_,1<393/2+VJ/5_1>
1-—e

5. Maximum Likelihood Estimation

In this section we used maximum likelihood to estimate the unknown
parameters of the BOGEMW distribution. We use the same argument as
that given in Kundu and Gupta (2009). We want to estimate the other
parameters(ay, @y, as, B, 6,y, ). Suppose that we have a sample of size n,
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of the form{(y4,v,), ... (¥1n, Y2n)} from BOGEMW distribution. We use
the following notation

Ny = (Y1 <Y2i) ,nz = (Y1 > Y2i) 13 = (i Y1; = Yai) Wheren =
ny, +n, + ns.

Based on the observations, and wusing the density functions
fiL,y2), f2(v1,¥2) and f,(y) the likelihood function is given by

ng ny ns
l(ay,az,a3,B,0,v,1) = ﬂf1()’1i'3’2i) Hfz V10 Y2i) Hfo(Yi)
i=1 i=1 i=1

The log-likelihood function can be written as
l(alf an,as, .B' 9' Y, /1)

= nlna, +n;In(a; + az) +nylnay
+ n, In(a, + a3) + n3lnas

ni
_ 0y4i iB_
+(ay +a; — 1)2 In [1 —e )‘(e e 1)] + (a, —1) X
i=1

ng —A<€9y2i+yy§i—1> n; —A(eeyZiﬂ/yfi—l)
Zln 1—e +(a2+a3—1)21n 1—e
i=1 i=1

ni

ny B
+(a2—1)21n 1—e +Z(9y1i+yy1i)+
i=1

i=1
ny
0y1i+yyF
-4 eVt — 1
i=1
na

ny ny
+ Z (9}’21 + Vyﬁ) - lz (eeyzl'”yfi - 1) + Z (93’1i + )/Yﬁ)
i=1 i=1 i=1

ns _/1<eeyi+lyiﬁ_1>
(a1+a2+a3—1)21n 1—e

i=1

Ay (eeyzi+yyfi — 1)_/1 e (eey1i+wfi - 1) + Y (93/21' + Vyﬁ)

S n(60+ Byl ) + 22, (0 + pyyl )+ 2z, n(0 + yyli ) +
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o)A )l )
% In(6+ ﬁyyf—l) + 201y +ny) +13)In A

Computing the first partial derivatives of (23) with respect to
aq, ay, a3, 0,0,y and A and setting the results equal zeros, we get the
likelihood equations as in the following form

1 0y1;+vyP;
al nl nz Al e 1 1i—1
—= +—+ In|1—e +
Jdoy a+az ap < 4
1=
n, —)l(egyliﬂ,yfi—l) n3 _A<eeyi+yyf_1>
Zln 1—e +Zln 1—e
i=1 i=1
ny

al n, nqg —/1<
—— = +—+ ) In|l—e
dJda, a;+a; a,

)
eﬂyzﬁyyzi_l)
i=1

ns

( 9y2,+vyf, 1) _A(eByiﬂ/yf_l)
+21n 1-e +Zln 1-e

i=1

ny B
al nl n2 n3 —A<€9y1i+yy1i—1>
= + +—+ ) In|l1—e
da; a;+a; a,+az a3 4 4
1=
np —A<69y2i+yy§i—1> nsz —l(egy#yyiﬁ _1>
+zln 1—e +Zln 1—e
i=1 i=1
and
al ylu ) - yZU
== (@ + a5 - 1)2 = +(“2‘1)Z
= Y (Y1u @2) =1 yZl' )

+(a2+a3—1)
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YZU G)1 ylu -1
z +(a1—1)z +(a;+a, +as;—1)

=1 yZUG)Z =1 J/1u )
SIS w1 ) -
}’u92 i=1 =1
—Z(f(yli&)— 1) =0 (6 (2081) = 1) =) (£ (r0.01) - 1)
- , Q0 1)+ 15) =
A

Where 0, = (,6,y) and the following nonlinear functions are given by

B 8
€ (720,01 ) = P21, £ (7,0, ) = € £ (7,0, ) = P

P 4B
e9y11+yy1i_1> eGy27-+yy2i—1>

o(ro0s) = 1 o(er)=e -1

et )
and 9 (yl-,%) =e -1,

ni
% = (a; + a3z — 1)21 [Ay’fiﬂ (yh.,%)] + (a, — 1)
=

X Z [/’lygl.ﬂ (3’11"@)] + (ay + a3 — 1) Z [xlygiﬂ (yh., %)]
i=1 i=1

ny ng
+(a; — 1) 2 [Ay[fiﬂ (yll., &)] + Z y[ji +(a;+a; + a3 —1)
i=1 i=1
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ns ny ni nz
X Z [Ayfﬂ (yi’&)] B AZ yfi‘f (Yu'&) + Z ygi + Z yfi
i=1 i=1 i=1 i=1
nq ny 2 N2
_AZ ygif (3'21"&) - AZ ygi"; (yu'&) - AZ ygi‘f (yZi'&) + Zygi
i=1 i=1 i=1 i=1

ns ny B-1 1 p-1
By By,;
_Azyiﬁf(y“&) +2#ﬂ—1+2#ﬁ—1
=1 i=1 (9 + Byyy; ) i=1 (9 + BY Y, )
B t n, ﬁyfi_l

_ P _PXi N3
¥ (9+ﬁ Y T 2izs (o+ByyE™) T his Y

where

82 )22 -2

ﬂ = (g + a3 — 1)2 1y,Q 3’11 @2)] + (a, — 1)2 Ay, Q yh @2)]
nz ny

+(az +az —1) 2 [/1}’21'9 (}’Zi'%)] + (3 - 1) Z [/1}’11'9 (3’11':%)]
i=1 i=1
ns n, ny
+(a;+ay + a3 — 1) Z [Ayl.ﬂ (yl., %)] + z Vi~ lz V1§ (}’11-' &)
i=1 i=1 i=1
nz
+Zy21—12y21 Yo 01 th Azyh Y1 €1 23’21'
i=1
_/123’21 Yau 91 Z(9+ﬂyy Z(9+ﬁyy
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+Z 9+ﬁyy )+Z(9f::yﬁl AZJ& $(vi 01 ;yf

% = (a; +az — 1)2 [/1}’ Iny, Q )’1, 92)] + (a; - 1)

ng ny

z [/’lygi Iny, Q (yu'%)] +(a; +a3—1) z [Aygi Iny, Q (yli,&)]

ny ng
+(ay — 1) Z [y, (y,0,)]+ 2 Vyiny, +
i=1 i=1

n3

(tp+az+az—1) Z [ﬂyiﬁ Iny; Q ()’i'&)]
i=1

nq

_Ayzylllnyll S\ @1 Zy2!ylny21+zyllylnyll
nz

—lyzyfilnyuf(yu, lyZyzllnyzl S\ V2 01 Zyylny
i=1

i=1

ny
—MZyzllnyz, (v, 01 Zyzlvlnyzl—/h/Zyﬁlnyf Y, 9)
ng _ _
+Z gyl +ﬁyyu lnyu z !Bym + Byl 11“)’21‘]
& 0+ By '

0+ ﬁyy
n, |BvET +vau IHYu ByE 4 ByyE  Iny,
+ iz [ o+Byy" ] tEi2 [ 0+ByyL?
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We can obtain the estimates of the unknown parameters by setting the

score vector to zero I((f)) = 0 where ¢ = (aq, ay,a3,8,0,y,4). Solving

these equations simultaneously gives the MLEs &,, &, @s, 8,0, 7 and .
For the BOGEMW distribution all the second order derivatives exist. The
interval estimation of the model parameters requires the 7x7 observed

information matrix I((ﬁ) = {Iij} for i,j = ay,a;,a3,5,0,y and A. The

-1
multivariate normal N- (O, [ ((f)) ) distribution, under standard

regularity conditions, can be used to provide approximate confidence

intervals for the unknown parameters, where I((,’b) is the total observed

information matrix evaluated at . Then, approximate 100(1 — §)%

confidence intervals for a4, @,, a3, f,0,y and A can be determined by:

aq + zZs /falal a, + Zs /fazazo as + Zs ,ia3a3o ﬂ iZg /IABB , 0 iZgy/fgg
2 2 2 2 2

Y 25 /IAW and A + zs+/[;; where zs is the upper §th percentile of the
2 2 2

standard normal model.

6. Simulation study
In this section, we assess the performance of the MLEs of the

BOGEMW parameters using Monte Carlo simulations. For different
combinations a4, @y, @3, 3,0,y and A of samples of sizes n = 20, 50, 100
and 200 are generated from the BOGEMW model. The empirical results
are given in Table 1. It is evident that the estimates are quite stable and
close to the true values of the parameters for these sample sizes.
Additionally, as the sample size increases, the biases and the standard
errors of the MLEs decrease as expected. This study presents an
assessment of the properties for MLE in terms of bias and mean square
error (MSE) as well as the BCI for the parameters. The following
algorithm shows how to generate data from the BOGEMW distribution.

e Generate A;, A, and A; from A(0,1)
—In(((-1/) In(1-AY%)+1)+64
( )+04) =123

e Compute U; = (— ”
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e Obtain Y; = max{U,,Us} and Y, = max{U,, Us}.

Table (1): Estimation summaries for the BOGEMW distribution based on
complete data.

Parameters n=20 n=50 n=100 n=200
Bais MSE Bais MSE | Bais MSE | Bais MSE
0=0.1 -0.055 | .0048 | -0.057 | 0.004 | -0.053 | 0.003 | -0.053 | 0.003
v=0.1 -1.28 1.781 | -0.579 | 0.411 | -0.364 | 0.15 | -0.303 | 0.096
=13 0.331 |0.19 0.246 | 0.071 | 0.258 | 0.068 | 0.263 | 0.069
o:=0.5 0476 | 0.229 |0.449 | 0.204 | 0.442 | 0.199 | 0.436 | 0.191
02=0.6 0.513 | 0.265 | 0426 | 0.225 ] 0.39 0.154 | 0.371 | 0.139
03=0.7 0.571 | 0.331 | 0449 | 0.267 | 0.392 | 0.158 | 0.369 | 0.138
0=0.2 -0.09 | 0.018 | -0.045 | 0.009 | -0.022 | 0.002 | -0.021 | 0.002
vy=0.2 0.116 | 0.016 | 0.092 | 0.011 | 0.084 | 0.008 | 0.079 | 0.007
=1 -0.53 |0.346 | -0.496 | 0.319 | -0.49 | 0.283 | -0.461 | 0.244
oi=0.4 0.05 0.084 | 0.012 | 0.049 | 0.068 | 0.036 | 0.071 | 0.016
02=0.5 -0.31 0.125 | -0.304 | 0.12 | -0.314 | 0.116 | -.308 | 0.108
0:=0.6 -0.55 10.362 | -0.512 | 0.325 | -0.507 | 0.295 | -0.482 | 0.257
6=0.3 0.108 | 0.446 | -0.242 | 0.115 | -0.146 | 0.051 | -0.093 | 0.031
v=0.3 0.585 |0.394 | 0408 | 0.189 | 0.375 | 0.148 | 0.36 0.135
=12 -1.35 | 2.167 | -1.105 | 1.316 | -1.275 | 0.904 | -1.018 | 0.095
oi=0.1 -0.062 | 0.134 | -0.418 | 0.134 | -0.484 | 0.301 | -0.478 | 0.178
02=0.2 -0.465 | 0.304 | -0.865 | 0.304 | -0.988 | 0.201 | -1.082 | 0.027
03=0.3 -1.298 | 1.827 | -0.993 | 1.827 | -0.824 | 1.316 | -1.224 | 0.585

7. Data Analysis

In this section we present the analysis of a bivariate two real data sets
to illustrate the performance of the BOGEMW distribution in practice. The
data sets are used to illustrate that the BOGEMW distribution may fit better
than bivariate generalized Gompertz (BGG) distribution and bivariate
exponentiated generalized Weibull-Gompertz (BEGWG) distribution.
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e The first real data

Here, consider the data obtained by Meintanis (2007), which represent
football (soccer) data. This data describes the games where at least one
kick goal scored by any team has been considered, and the home team must
have scored at least one goal. Figure (2) shows that the scatter plot for the
first data set and The PDF and estimated CDF for Y;,Y, and min(y,,y, )
displayed in Figures 3-5 which support our results in Table (2) .
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Figure (3): PDF for Y1, Y2 and min(y,, y,)
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Figure(4): Y1, Y2 and min( Y1,Y2) with f1(y1,¥2), f2(V1,¥2) and fo(y) respectively for second

data set
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Figure (5): Y;, Y, and min(Y;,Y,) with F1(y1,¥2), F2(y1,Y2) and Fo(y) respectively for

first data set
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In order to compare the distributions, we consider the following criteria:
The / (maximized log-likelihood), Akaike information criterion (AIC),
consistent Akaike information criterion (CAIC), Bayesian information
criterion (BIC) and Hannan Quinn information criterion (HQIC). Also, we
apply formal goodness-of fit tests in order to verify which distribution fits
better to these data. The model with minimum values for these statistics
could be chosen as the best model to fit the data.
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Table (2): [, AIC, CAIC, BIC and HQIC
The 1 AIC CAIC BIC HQIC
Model
BEGWG | -318.152 | 644.304 | 645.554 | 650.747 | 646.575
BGG -327.663 | 663.327 | 664.577 | 669.771 | 665.599
BOGEMW | -216.689 | 441.378 | 442.628 | 447.822 | 443.65

Table (2) shows that BOGEMW distribution is the best distribution
because it has the smallest value of AIC, CAIC, BIC and HQIC test.

e The second real data

The exchange rate plays an important role in the economic activities
undertaken by countries, whether the activity is commercial or investment
as the exchange rate occupies a central position in monetary policy because
of its use as a goal or as a tool or as an indicator of international
competitiveness through its impact on economic growth components such
as investment and the degree of openness to foreign trade. The exchange
rate is defined as the number of units of the local currency against one unit
of foreign currency or vice versa and the exchange rate represents a link
between commodity prices in the local economy and their prices in the
global market. There are several concepts of the exchange rate for
example, The trade-weighted effective exchange rate index, a common
form of the effective exchange rate index, is a multilateral exchange rate
index. It is compiled as a weighted average of exchange rates of home
versus foreign currencies, with the weight for each foreign country equal
to its share in trade. Depending on the purpose for which it is used, it can
be export-weighted, import-weighted, or total-external trade weighted.
The trade-weighted effective exchange rate index is an economic indicator
for comparing the exchange rate of a country against those of their major
trading partners. By design, movements in the currencies of those trading
partners with a greater share in an economy's exports and imports will have
a greater effect on the effective exchange rate. In a multilateral, highly
globalized, world, the effective exchange rate index is much more useful
than a bilateral exchange rate.
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The data set represents The trade-weighted effective exchange rate for
the Egyptian pound against the US dollar and the trade-weighted effective
exchange rate the for Turkish lira against the US dollar for the year 2010 :
2013 are represented in Table (3). The data were published in Abo El
yazzed (2016). It is a bivariate data set, and the variables y: and y- are as
follows:

1. y; represents the trade-weighted effective exchange rate for the
Egyptian pound against the US dollar using monthly data,

2. y, represents the trade-weighted effective exchange rate for the Turkish
lira against the US dollar using monthly data.

Table (3): The Trade-weighted effective exchange rate
for years 2010 : 2013. (Abo El yazzed (2016)).

Date Y Y, Date Y; Y, Date Y; Y,

29/01/2010 101.944 98.3729 | 30/04/2011 88.228 | 90.972 31/07/2012 95.182 | 86.714
26/02/2010 102.252 96.0483 | 31/05/2011 89.782 | 88.024 31/08/2012 94.010 | 84.457
31/03/2010 101.939 97.8967 | 30/06/2011 89.035 | 86.609 30/09/2012 92.718 | 84.457
30/04/2010 101.255 101.255 | 30/07/2011 89.130 | 84.042 31/10/2012 92.606 | 83.815
31/05/2010 103.479 101.119 | 31/08/2011 89.466 | 81.159 30/11/2012 92.218 | 84.252
30/06/2010 102.798 100.046 | 30/09/2011 93.699 | 79.788 31/12/2012 88.158 | 83.324
30/07/2010 99.3829 100.348 | 31/10/2011 91.355 | 82.096 31/01/2013 82.732 | 83.486
31/08/2010 100.532 101.187 | 30/11/2011 92.995 | 80.746 | 28/02/2013 83.929 | 83.929
30/09/2010 96.955 101.441 | 30/12/2011 94.128 | 79.220 30/03/2013 83.994 | 84.171
29/10/2010 94.3443 101.851 | 31/01/2012 | 92.887 | 83.703 30/04/2013 81.325 | 84.098
30/11/2010 97.2018 100.211 | 29/02/2012 | 91.859 | 83.708 31/05/2013 81.972 | 81.972
31/12/2010 95.2085 95.2085 | 30/03/2012 | 92.290 | 83.301 30/09/2013 82.095 | 73.403
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31/01/2011 93.7348 91.0215 | 30/04/2012 | 92.402 | 84.442 31/10/2013 81.782 | 74.215
28/02/2011 92.7524 91.1574 | 31/05/2012 | 96.337 | 84.203 30/11/2013 82.258 | 73.951
31/03/2011 90.3675 92.1948 | 29/06/2012 | 94.657 | 85.128 31/12/2013 81.316 | 69.737

Figure (6) shows that the scatter plot for the first data set and Figures (7-
9) show PDF and estimated CDF for Y1,Y2 and min(Y1, Y2 ) which support
our results in Table (4) .
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Figure (6): The scatter plot for second data set
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From Figures (7-9), it is quite apparent that the marginals can be used to
discuss this data. Therefore, the BOGEMW model may be used for this
purpose. A summary of the values AIC, BIC, AICC and HQIC to compare
BOGEMW, BGG and BEMW models is given in Table ( 4).

Table (4) [, AIC, CAIC, BIC and HQIC

Model [ AIC AICC BIC HQIC
BEMW -244.637 | 497.275 | 498.275 | 504.501 | 499.969
BGG -293.706 | 595.413 | 596.413 | 602.64 | 598.107
BOGEMW | -219.411 | 446.821 | 447.821 | 454.048 | 449.515

From Table (4) we can say that the BOGEMW distribution is the best
distribution to explain the current data because it has the smallest value
of AIC, CAIC, BIC and HQIC test, then the BOGEMW distribution fits
better than the BGG and BEMW models.

8. Conclusions

In this paper, we have proposed a bivariate odd generalized exponential
modified Weibull distribution whose marginals are odd generalized
exponential modified Weibull distribution. We derive explicit expressions
for some of its mathematical and statistical quantities including the
ordinary and incomplete moments, cumulants, quantile and generating
functions and probability weighted moments. The parameters have been
estimated using maximum likelithood method based on complete data, and
it was found that the maximum likelihood method performed quite well in
estimating the parameters. The usefulness of the proposed model is
illustrated by two real data sets and it was found that the new model
provides a better fit than other sub models. We hope that the proposed
model will attract wider applications in areas such as survival and lifetime
data, meteorology, hydrology, engineering and others.
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